Some Notation. In these notes, k denotes a number field, i.e., a finite extension of the field Q of rationals, and O k is its ring of integers. If I is an ideal in O k , we denote its number of residue classes |O k /I| by NI. This number is also the positive generator of the ideal N K/Q I ⊂ Z, and is a multiplicative function of ideals. By a place v of k we mean an equivalence class of non-trivial absolute values on k. These are of three types, finite, real and complex, corresponding, respectively, to a prime ideal P in O k , to an embedding of k into R, and to a pair of distinct complex conjugate embeddings of k into C. We denote the number of real places by r 1 = r 1 (k) and the number of complex ones by r 2 = r 2 (k). For each finite place v we denote the corresponding prime ideal by P v and the residue field by F v . We sometimes denote the cardinality
L-functions.
The L-functions associated with number fields are of two fundamentally different types. We will first discuss the very classical abelian ones, made with characters of generalized ideal class groups, which go back to Dirichlet and are the simplest sort of "automorphic" L-functions. Then we will discuss the "nonabelian" L-functions introduced by E. Artin, which are made with representations of Galois groups, and were the first examples of explicitly defined "motivic" L-functions. Artin Lfunctions made with one dimensional representations of a Galois group are equal to classical abelian L-functions, thanks to Artin's reciprocity law. Exercise: (a) Let I m denote the group of fractional ideals prime to m, i.e., generated by prime ideals not dividing m f . Let P m denote the subgroup of the principal ideals which are generated by elements c ∈ k * of the form c = a b with a ≡ b mod × m. Show that a character mod m in the above sense is the same as the restriction to integral ideals of a homomorphism χ : I m → C * which is trivial on P m , hence is the same as a character of the group C m := I m /P m .
Ideal class characters.
(b) Show that there is an exact sequence
where C = C (O k ,∅) is the usual ideal class group. It follows that the groups C m are finite. Hence the values of an ideal class character χ are complex roots of 1, and in particular, have absolute value 1.
(c) The set of levels is partially ordered under the relation 
where the product is over the prime ideals P not dividing m χ and the sum over all integral ideals I prime to m χ . The formal equality of the product and sum follows from unique factorization and the fact that the function of ideals X(I) := χ(I)NI −s is multiplicative , so that for x > 0
where the last sum is over all integral ideals I prime to m χ whose prime factorization involves only prime ideals with norm ≤ x. The absolute and uniform convergence in (s) ≥ σ > 1 as x → ∞ follows from
Hecke proved that L(s, χ) has an analytic continuation to the whole s-plane if χ = 1. For χ = 1, the zeta function ζ k (s) := L(s, 1) is analytic in the whole plane except for a simple pole at s = 1. 
Representations of finite groups. Let G be a finite group. By a representation of G we mean a finite dimensional left C[G]-module V . To give such representation is the same as to give a finite dimensional C-vectorspace V , together with a homomorphism ρ : G → GL(V ) giving the action of G on V . (We use the symbol GL(V ) to denote Aut(V ) because a basis for V gives an isomorphism Aut(V ) ∼ → GL n (C) for n = dim(V ).) But we take the module point of view in which the symbol V includes the action of G, and write simply σx instead of ρ(σ)x for x ∈ V and σ ∈ G. Two representations V and W are said to be isomorphic if they are isomorphic as C[G]-modules. We assume the reader knows the basic theory and simply list the results we need and some notation and terminology we will use. 
Our action is always a left action.) e) The dual representation to V is V * := Hom(V, C). We have (V * ) * = V , and Hom
(ii) Semisimplicity. C[G] is semisimple, i.e., every representation is a direct sum of irreducible representations. (V is irreducible if it is a simple C[G]-module, i.e., has exactly two submodules, V and {0}.)
(iv) Orthogonality. One makes the space C of central functions on G into a Hilbert space by putting f,
Let {V i } be a complete set of non-isomorphic representations of G, and let χ i be the character of V i . These χ i form an orthonormal basis for C. Thus the number of isomorphism classes of irreducible representations V i is equal to dim C, that is, to the number of conjugacy classes in G.
(v) Isotypical components; projections. Let V be a representation. Then by semisimplicity,
where
In other words,
into a direct sum of copies of V i corresponds to expressing Hom G (V i , V ) into a direct sum of 1-dimensional subspaces and is not at all unique, but the number of copies of V i in such an expression, the multiplicity of V i in V , is unique and equals
One denotes the isotypical component of V corresponding to the trivial representation C by V G = {x ∈ V |σx = x for all σ ∈ G. the corresponding projection, 
Since every group homomorphism f is a passage to quotiont followed by an isomorphism followed by an inclusion, it suffices. in order to describe f * explicitly, to treat the two cases H → H/N and H ⊂ G. In the first of these, f * W = W N , and ι W is the projection of W onto W N j discussed in (v) just above. In the second, classical, case, ι W is an inclusion W ⊂ f * W , and Ind 
If psi is the character of W , we denote by f * ψ the character of f * W . It is not hard to see that
Equating the dimensions of the spaces on each side of the isomorphism
This is known as Frobenius reciprocity.
(vii) Abelian characters; duality for finite abelian groups. The characters χ of 1-dimensional representations are the same thing as the group homomorphisms G → C * . We will call them abelian characters. They form an abelian group Hom(G, C) under multiplication. If G is abelian, they are the only irreducible characters. The group they form is called the character group of G and is denoted in these notes byĜ. We have a perfect duality: the natural maps G →Ĝˆ, and Hom(Ĝ ,Ĝ) → Hom(G, G ) are isomorphisms.
Decomposition, inertia, Frobenius.
Let K/k be a finite Galois extension and G = G K/k its Galois group. Recall that for each place v of k, G acts transitively on the set of places w of K which lie above (i.e., extend) v. The stabilizer of one of these w's is a subgroup of G called the decomposition group of w and denoted by G w . It can be identified with the Galois group of the corresponding extension of the completions K w /k v .
For finite v, an element σ of G w induces an automorphismσ of the residue field F w of w. The map σ →σ is a homomorphism of G w onto the Galois group of the w/v residue field extension. The kernel is called the inertia group of w and is denoted by I w . The order of I w is the ramification index e w/v and is 1 for all but a finite number of places v, those dividing the relative discriminant ideal d K/k . As Galois group of the finite field extension F w /F v , the quotient group G w /I w is cyclic with a canonical generator, the Frobenius automorphismσ w which raises elements of F w to the q v -th power, where q v = NP v is the number of elements in F v .
Artin L-functions.
Let K/k be a finite Galois extension and
Iw ) be the characteristic polynomial of the action on V Iw of a Frobenius automorphism σ w attached to a place w of K above v. Although σ w is determined only up to multiplication by an element of I w , its action on V Iw is independent of which we chose. The polynomial F v (T, V ) obviously depends only on the isomorphism class of V , and it also depends only on v, not on the choice of w above v, because the places w above v are all conjugate. Note that for v unramified in K, hence for all but a finite number of v we have I w = {1}, hence V Iw = V , and F v (T, V ) is of degree dim V . Note also that F v (T, V ) depends only on V as G w -module, not as G-module. Artin defined his L-function as an "Euler product" over the finite
. Exercise: Show that this product converges absolutely and defines an analytic function in the half plane )s) > 1.
In fact, it has a meromorphic continuation to the whole plane, and a deep conjecture of Artin is that it is an entire function if the trivial representation does not occur in V -more about this soon. It is really enough to consider irreducible representations, because
Exercise: Since L(s, V ) depends only on the isomorphism class of the representation V , we can also denote it by L(s, χ V , where χ V : G → C is the character of V . Show for each finite place v that for
is the average value of χ on the coset σ n w of I w . Another property of these L-functions concerns the situation in which K is contained in a larger Galois extension 3) shows that L(s, V ) really depends only on V viewed as moduleV for "the" absolute Galois group G k = Gal(k/k) of k. Note that the isomorphism class ofV as G k -module is independent of how we view K/k as subextension ofk/k. The representations of the formV for some K/k and V are, up to isomorphism, simply the C[G k ]-modules X of finite dimension over C for which the action map G k × X → X is continuous for the profinite (Krull) topology in G k and the discrete topology in X (or the usual complex vector space topology in X -it's the same, because GL n (C) has "no small subgroups").
The 
Hence, by definition of induced representation, V contains W as an H-submodule isomorphic to, and
where v is the place of ρ i k below w. Comparing with (1.5.7) and (1.5.8) and using (1.5.2) shows that we are now reduced to the local case, in which G = G w .
Next we reduce to the local unramified case by showing that V
, where I = I w ,and J = H ∩ I are the inertia subgroups of G and H, and where we view H/I as subgroup of G/J by identifying H/J with HI/I in the obvious way. One way to do this is to factor the homomorphism f : H → G/I in two ways
Calculating f * W in two ways accordingly we find
Finally, in the local unramified case, G is cyclic, generated by the v-Frobenius σ v and H the subgroup generated by the v -Frobenius σ v = σ 
6. Reciprocity and the relation between the two kinds of L-functions. Artin had quickly mastered 1 Takagi's recent work proving that "class fields" are just abelian extensions. Takagi had shown that for each level m (see §1.1) there is an abelian extension K m of k with group G Km/k having the same invariants as, hence isomorphic to, the generalized ideal class group C m and such that the way in which a prime ideal P of k decomposes in K is determined by the class of P mod m. From Takagi's decomposition law it follows that
where the first product is over all characters χ of C m . Artin realized that in the abelian case K m /k the simplest explanation for the existence of the two factorizations (1.5.5) and (1.6.1) of ζ k (s) was that they be the same, and the simplest explanation for that would be the existence of a canonical isomorphism C m 
Functional equation.
To get a neater functional equation, Artin defined local L-functions also for infinite places v of k. For such a v the decomposition group G w of a place w of K above v is of order 1 or 2, hence has a unique generator, which we denote by σ w , and we put , for v real.
Note that these L v 's depend only on the action of σ w on V , i.e., only on V as G w -module, just as was the case for finite v. 
